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Abstract
We consider the faithfulness of the monodromy representation associated with the universal
family of n-pointed algebraic curves of genus g (2 − 2g − n¡ 0). We shall show that the
restriction g;n of the representation to the geometric fundamental group is faithful for g= 0; 1.
We shall also show that if g;n is faithful, then so is g;n+1. c© 2001 Elsevier Science B.V. All
rights reserved.
MSC: 14
0. Introduction
Let k= 8Q() be the rational function 9eld of one variable  over 8Q ( 8Q: the algebraic
closure of the rationals Q) and E be the elliptic curve over k de9ned by the Legendre
equation
E : s2 = t(t − 1)(t − ):
Let k(E) (resp. 8k(E)) be the function 9eld of E over k (resp. 8k) and ME be the
maximal Galois extension of 8k(E) unrami9ed outside the origin O, the point of E
corresponding to t = ∞. The Galois group Gal(ME= 8k(E)) is isomorphic to a free
pro9nite group of rank 2. The 9eld ME is also Galois over k(E) so that we have an
exact sequence
1→ Gal(ME= 8k(E))→ Gal(ME=k(E))→ Gal( 8k=k)→ 1:
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Then the group Gal(ME=k(E)) acts on the normal subgroup Gal(ME= 8k(E)) by conju-
gation and this induces a Galois representation
E : Gal( 8k=k)→ Out(Gal(ME= 8k(E))):
Here, Out(∗) denotes the outer automorphism group of the group ∗.
This representation is unrami9ed outside =0; 1;∞, i.e. it factors through Gal(=k),
 being the maximal Galois extension of k unrami9ed outside  = 0; 1;∞ (see (2:4)
and (3:2)).
Our main result in this paper is the following:
Theorem 4A (Section 3). The 3eld corresponding to the kernel of the representation
E coincides with .
If we replace ME by the maximal everywhere unrami9ed Galois extension 8k(E)ur of
8k(E), the Galois group Gal( 8k(E)ur= 8k(E)) is isomorphic to a free Zˆ-module of rank 2, Zˆ
being the pro9nite completion of Z. The kernel of the associated Galois representation
Gal( 8k=k)→ Aut(Gal( 8k(E)ur= 8k(E)))
corresponds to the union of the 9eld of modular functions with respect to (2N ) (N =
1; 2; : : :), the principal congruence subgroup of SL2(Z) with level 2N (cf. e.g. [8, The-
orem 1], [18, Proposition 6]). Comparing Theorem 4A with this classical result, we
can interprete it as follows. If we admit rami9cations at O, the 9eld corresponding to
the kernel of the Galois representation is the union of the 9eld of modular functions
with respect to all subgroups of (2) with 9nite indices, including non-congruence
subgroups.
The representation
8E : Gal(=k)→ Out(Gal(ME= 8k(E)))
induced from E can be explained geometrically as follows. Let us consider the family
of elliptic curves over the 9eld of complex numbers C
EC : s2 = t(t − 1)(t − 0);
parametrized by 0 ∈ P1C\{0; 1;∞}, with the point at in9nity O removed. The topolog-
ical fundamental group 1(P1C\{0; 1;∞}) acts outerly on the topological fundamental
group 1(EC\{O}). This induces the outer action of ˆ1(P1C\{0; 1;∞}) on ˆ1(EC\{O}),
ˆ being the pro9nite completion, and this is canonically identi9ed with 8E (see Section
3). The representation 8E is a special case of the monodromy representation associated
with the universal family of n-pointed algebraic curves of genus g, which has been
introduced by Oda [16]. We shall brieIy explain it.
Let Mg;n=Q be the moduli stack of n-pointed complete curves of genus g with
2− 2g− n¡ 0. Then, the forgetful map Mg;n+1 → Mg;n induces an exact sequence of
algebraic fundamental groups:
1→ 1(C)→ 1(Mg;n+1)→ 1(Mg;n)→ 1:
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Here, C denotes the 9ber above a geometric point  of Mg;n. Then 1(Mg;n+1) acts
on the normal subgroup 1(C) by conjugation and this induces a homomorphism
’g;n : 1(Mg;n)→ Out(1(C)):
The homomorphism ’g;n is called the monodromy representation associated with the
universal family of n-pointed algebraic curves of genus g. The restriction of ’g;n to
the subgroup 1(Mg;n ⊗ 8Q) will be denoted by g;n:
g;n : 1(Mg;n ⊗ 8Q)→ Out(1(C)):
Let us consider the cases for small (g; n). In the case that (g; n) = (0; 3), as M0;3 =
{∗}; 1(M0;3 ⊗ 8Q) is the identity group, hence 0;3 is trivial. We have 1(M0;3) =
Gal( 8Q=Q). Since
M0;4 
 P1Q\{0; 1;∞};
P1Q being the projective line over Q, we have
’0;3 : Gal( 8Q=Q)→ Out(1(P18Q\{0; 1;∞})):
By a theorem of Belyi [4, Section 4], this is injective.
In the case that (g; n) = (0; 4), since
M0;5 
 (P1Q\{0; 1;∞})2\;
 being the diagonal, we have
0;4 : 1(P18Q\{0; 1;∞})→ Out(1(P18Q\{0; 1;∞; })):
This can be identi9ed with the pro9nite monodromy representation induced from the
topological one associated with the 9bration
(P1C\{0; 1;∞})2\ → P1C\{0; 1;∞}
of con9guration spaces. The representation 0;4 can also be identi9ed with what is
induced from the representation
0 : Gal( 8k=k)→ Out(Gal(Mu= 8k(u)))
de9ned similarly to E . Here, 8k(u) is the rational function 9eld of one variable u over
8k and Mu is the maximal Galois extension of 8k(u) unrami9ed outside u = 0; 1;∞; 
(see Section 2).
In the case that (g; n) = (1; 1), the restriction of 1;1 to the fundamental group of
the moduli space of 1-pointed curves of genus 1 with level 2 structure is the above
representation 8E (see Section 7).
Whether ’g;n or g;n are always faithful or not seems to be a fundamental problem.
Obviously, if ’g;n is faithful, then so is g;n. Conversely, in the case that n ≥ 1, if
g;n is faithful, then so is ’g;n [13, Remark 2:2]. They have proved this by combining
the above Belyi’s result with a former result of Matsumoto about the comparison of
kernels of Galois representations on the fundamental group of P18Q\{0; 1;∞} and that
of curves with higher genus.
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As the interpretation of Theorem 4A suggests, the problem of the faithfulness of g;n
is related to a problem on subgroups of 9nite indices of the TeichmKuller modular group
(the mapping class group) ng . A foundational result of Oda [17] is that 1(Mg;n ⊗ 8Q)
is isomorphic to the pro9nite completion of ng (see Section 2). From this it follows
that the problem of the faithfulness of g;n is equivalent to the congruence subgroup
problem for ng .
For the faithfulness of g;n, our results in this paper are summarized in the following:
Theorem (Theorems 2; 3A; 5). (i) If g;n is faithful; then so is g;n+1.
(ii) The representation 0;4 is faithful.
(iii) The representation 1;1 is faithful.
In conclusion, if g= 0; 1 and 2− 2g− n¡ 0, the representation g;n is faithful.
The point of the proof of (ii) is to show that the outer action 0;4, composed with
a certain homomorphism, can be related to a genuine action on
1(P18Q\{0; 1;∞}) 
 1(P18Q\{0; 1;∞; })=〈〈the inertia group of 〉〉;
which turns out to be the conjugate action (〈〈 〉〉: the normal subgroup generated by the
elements inside). Such a homomorphism, which is also available for the con9guration
spaces of curves with higher genus, has been found by Nakamura–Tsunogai [14] and
used to study pro-l mapping class groups. By combining this with some results of
Birman [5] on braid groups, (ii) as well as (i) will be proved. Part (iii) can be deduced
from Theorem 4A.
For the proof of Theorem 4A we shall compare the kernel of E with that of 0. That
the comparison is possible is based on the fact that there exists a 9nite subextension
K of ME= 8k(t) such that the genus of K is 0 and ME is the maximal Galois extension
of K unrami9ed outside four points. Thus the extension ME=K may be regarded as the
extension Mu= 8k(u). But there are some technical points.
Among other things, to compare the kernels, it is necessary to lift the outer Galois
representations 0 and E to genuine Galois representations. Moreover, since K and
8k(E) are diMerent 9elds, these liftings should be chosen in a compatible way. The
liftings will be given by using Deligne’s tangential base points. From the technical
viewpoint, this is the most crucial step of the proof. In this paper, following the idea
of Anderson–Ihara [2] and Ihara [9,10], we realize a tangential base point by embedding
the 9eld in question into the 9eld of Puiseux series. For the compatibility, we proceed
as follows.
We 9x an embedding of k into the complex numbers C with ¿ 1. First, we
give liftings ∗0 and 
∗
E of 0 and E , respectively, by using tangential base points.
On the other hand, we construct a single genuine Galois representation, denoted by
t , in the automorphism group of Gal(Mt = 8k(t)) by using a tangential base point of
P1t \{0; 1;∞; } (P1t : the projective t-line over C). HereMt is a certain Galois extension
of 8k(t) characterized by conditions on rami9cations. (It is isomorphic to ME and
Mu, but they should be distinguished when rigidi9ed by tangential base points.) The
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representation t has two subrepresentations, denoted by K and L, which are other
liftings of 0 and E , respectively. Then we shall verify the compatibility of Galois
actions on Mt and those of ME and Mu. This enables us to compare the kernel of ∗E
with that of ∗0 via the kernels of K and L.
Consequently, we can determine the kernel of ∗E , which coincides with the expected
kernel of E . In general, the kernel of an outer Galois representation becomes smaller if
the representation is lifted to a genuine one. But in our case, the kernel of E coincides
with that of ∗E . This will be proved by a group theoretical argument.
The organization of this paper is as follows. In Section 1 we shall prove the faithful-
ness of pro9nite monodromy representations associated with the con9guration space of
Riemann surfaces. From this we shall derive, in Section 2, (i) and (ii) of Theorem. In
Section 3, we shall state our main result with its geometric interpretation as a certain
pro9nite monodromy representation. In Section 4, we shall give liftings ∗0 and 
∗
E of
the representations 0 and E , respectively, by using tangential base points. The kernel
of ∗0 will be determined. In Section 5, the representation t and its subrepresenta-
tions K and L are constructed. In Section 6, we shall verify the compatibility of
Galois actions and compare the kernel of ∗E with that of 
∗
0 . Finally, Theorem 4A will
be proved. In Section 7 we shall deduce (iii) of Theorem from Theorem 4A. Some
remarks will be given in Section 8.
The author is very grateful to Professor H. Nakamura for stimulating discussions
and giving a simple proof of Lemma 10.
1. Monodromy representations associated with the conguration spaces
1.1. Let Rng be a Riemann surface of genus g (≥ 0) with n (≥ 0) punctures. The
topological fundamental group of Rng will be denoted by 1(g; n). We always assume
that 2− 2g− n¡ 0. Let F0;m(Rng) denote the space of m distinct points on Rng, i.e.,
F0;m(Rng) = {(P1; : : : ; Pm) ∈ Rng × · · · × Rng |Pi = Pj if i = j}
and consider the 9bration
F0;m+1(Rng)→ F0;m(Rng);
(Pi)1≤i≤m+1 → (Pi)1≤i≤m:
The homotopy exact sequence of this 9bration gives an exact sequence of topological
fundamental groups
1→ 1(g; m+ n)→ 1(F0;m+1(Rng))→ 1(F0;m(Rng))→ 1 (1.1.1)
(cf. e.g., [5, Section 1]). The group 1(F0;m+1(Rng)) acts on the normal subgroup
1(g; m+ n) by conjugation and this induces a homomorphism
1(F0;m(Rng))→ Out(1(g; m+ n))(=Aut(1(g; m+ n))=Int(1(g; m+ n))):
Here, Aut(∗) (resp. Int(∗)) denotes the automorphism group (resp. inner automorphism
group) of the group ∗.
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Let ˜
n
g be the following subgroup of Aut(1(g; n)):
˜
n
g = {#˜ ∈ Aut(1(g; n)) | #˜(zi) ∼ zi (1 ≤ i ≤ n)}:
Here, zi (1 ≤ i ≤ n) are the elements of 1(g; n) represented by loops around punctures
and ∼ denotes conjugacy. We denote by ng the quotient of ˜
n
g by Int(1(g; n)):
ng = ˜
n
g =Int(1(g; n)):
The group ng is isomorphic to the mapping class group of R
n
g (cf. e.g., [6, 1.4]).
Then, the image of the above homomorphism is contained in m+ng and we denote this
homomorphism (or monodromy representation) by m(g; n),
m(g; n) : 1(F0;m(Rng))→ m+ng :
It is known that this representation is faithful [5, Corollary 1:3]. As we shall explain
in (1.2), this induces naturally a pro9nite monodromy representation. What we shall
show is that it is also faithful.
1.2. For any group G, let Gˆ denote the pro9nite completion of G. If the canonical
homomorphism G → Gˆ is injective, i.e., if G is residually 9nite, we shall identify G
with its image in Gˆ. As is well known, 1(g; n) is residually 9nite.
Now, let G˜
n
g be the following subgroup of Aut(ˆ1(g; n)):
G˜
n
g = {#˜ ∈ Aut(ˆ1(g; n)) | #˜(zi) ∼ zi (1 ≤ i ≤ n)}:
Since 1(g; n) is 9nitely generated, Aut(ˆ1(g; n)) is naturally a pro9nite group and its
subgroup G˜
n
g is also a pro9nite group. The quotient of G˜
n
g by Int(ˆ1(g; n)) will be
denoted by Gng :
Gng = G˜
n
g =Int(ˆ1(g; n)):
Consider the composite of m(g; n) and the canonical homomorphism m+ng → Gm+ng :
1(F0;m(Rng))→ m+ng → Gm+ng :
Since Gm+ng is a pro9nite group, this homomorphism factors through the pro9nite com-
pletion ˆ1(F0;m(Rng)) of 1(F0;m(R
n
g)), hence induces a homomorphism (or a pro9nite
monodromy representation) denoted by ˆm(g; n):
ˆm(g; n) : ˆ1(F0;m(R
n
g))→ Gm+ng :
1.3. We shall prove the following:
Theorem 1. The representation ˆm(g; n) is faithful.
To prove Theorem 1, we need the following:
Lemma 1. For n ≥ 1; the centralizer of zn in 1(g; n) (resp. ˆ1(g; n)) is the subgroup
(resp. closed subgroup) generated by zn.
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Although this is well known, the proof in the case of n=1 does not seem to explicitly
appear in the literature. We shall give a proof for the sake of completeness but restrict
ourselves to the case of ˆ1(g; n), as the case of 1(g; n) can be proved completely in
the same way.
The proof is based on the following fact. Let Fr be the free group on x1; x2; : : : ; xr
and Fˆr be the pro9nite completion of Fr . Let m be a positive integer and CFˆr (x
m
i )
denote the centralizer of xmi in Fˆr . Then we have
CFˆr (x
m
i ) = 〈xi〉: (1.3.1)
Here, 〈 〉 denotes the (closed) subgroup generated by the element inside (cf. e.g. [7,
Theorem B]). In particular, CFˆr (x
m
i ) ∩ CFˆr (xmj ) = {1} if i = j and Fˆr has trivial center
if r ≥ 2.
Proof of Lemma 1. As is well known, the group 1(g; n) has the following presenta-
tion:
generators : x1; : : : ; x2g; z1; : : : ; zn;
relation : [x1; xg+1] · · · [xg; x2g]z1 · · · zn = 1:
Here the bracket [ ; ] denotes the commutator: [a; b]=aba−1b−1. Thus, if n¿ 1, ˆ1(g; n)
is the free pro9nite group on x1; : : : ; x2g; z2; : : : ; zn, hence the lemma is obvious by
(1.3.1).
Assume that n=1. Then 1(g; 1) is a free group on x1; : : : ; x2g. Consider the subgroup
H = [1(g; 1); 1(g; 1)](1(g; 1))2 of 1(g; 1), which is of 9nite index in 1(g; 1) and
contains z1.
Claim. The subgroup H is a free group on a 9nite set containing z1.
In fact, as a set of representatives of 1(g; 1)=H , let us choose a set
{1; xi1 : : : xir ; (1 ≤ i1 ¡ · · ·¡ir ≤ 2g; r ≥ 1)}:
Then, by Schreier’s method, H is a free group on a 9nite set containing [xg+1; x1]; : : : ;
[x2g; xg]. Replacing [xg+1; x1] by [x2g; xg] : : : [xg+1; x1] = z1, we obtain the claim.
Let w be an element of the centralizer of z1 in ˆ1(g; 1). Then w2 belongs to the
centralizer of z1 in Hˆ (⊂ ˆ1(g; 1)). Hence, by (1.3.1), we have w2 ∈ 〈z1〉. Since z1 is
contained in the commutator subgroup [ˆ1(g; 1); ˆ1(g; 1)], we have
w2 ≡ 0 mod [ˆ1(g; 1); ˆ1(g; 1)]:
As the abelianization of ˆ1(g; 1) is a free Zˆ-module of 9nite rank, this implies that
w ∈ [ˆ1(g; 1); ˆ1(g; 1)], hence w ∈ Hˆ . Therefore, again by (1.3.1), we have w ∈ 〈z1〉.
Proof of Theorem 1. The case that m= 1 is crucial and general cases will be proved
by induction on m. As we shall see below, it is known that 1(g; n) is injective, but
since ˆ1(g; n) is not de9ned to be the pro9nite completion of 1(g; n), the injectivity
of ˆ1(g; n) is not trivial.
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Assume that m= 1. Recall that we have two exact sequences:
1→ 1(g; n)
1(g;n)−−→n+1g
p→ng → 1; (1.3.2)
1→ Int(1(g; n))→ ˜ng → ng → 1:
The homomorphism p is naturally induced from the isomorphism 1(g; n+1)=〈〈zn+1〉〉 

1(g; n) (or topologically, from burying the (n+1)th puncture of Rn+1g ). The 9rst exact
sequence is well known (cf. e.g. [6, 3:7]) and the second one is by de9nition.
As is indicated in [14, Section 2], these two exact sequences are connected by a
certain homomorphism
. : n+1g → ˜
n
g :
Let us recall the de9nition of .. For # ∈ n+1g , let #˜ ∈ ˜
n+1
g be a representative of #
such that #˜(zn+1) = zn+1. Then, #˜ induces an automorphism of 1(g; n+ 1)=〈〈zn+1〉〉=
1(g; n). We de9ne this automorphism by .(#). By Lemma 1, #˜ is unique up to right
multiplication by Int(zan+1) (a ∈ Z), Int(∗) being the conjugation by ∗. Hence, .(#) is
well de9ned.
Thus we have the following commutative diagram:
1(g; n)
1(g;n)−−−−−→ n+1g −−−−−→ Gn+1gInt
.
.ˆ
Int(1(g; n)) −−−−−→ ˜ng −−−−−→ G˜
n
g :
Here, .ˆ is de9ned similarly to ..
Therefore, the homomorphism
.ˆ ◦ ˆ1(g; n) : ˆ1(g; n)→ Aut(ˆ1(g; n))
coincides with the one induced from the composite
1(g; n)
Int−→ Int(1(g; n)) ,→ Aut(1(g; n))→ Aut(ˆ1(g; n)):
Now, the group ˆ1(g; n) has trivial center. This is remarked above in the case that
n¿ 0. In the case that n = 0, this is proved in [1, Proposition 18]. Thus, .ˆ ◦ ˆ1(g; n)
is injective. Hence, ˆ1(g; n) is injective.
We proceed by induction on m and assume that ˆm(g; n) is injective. Let us consider
the commutative diagram
1 −−−−−→ 1(g; m+ n) −−−−−→ 1(F0;m+1(Rng)) −−−−−→ 1(F0;m(Rng)) −−−−−→ 1∥∥∥∥∥∥
m+1(g;n)
m(g;n)
1 −−−−−→ 1(g; m+ n)
1(g;m+n)−−−−−→ m+n+1g
p−−−−−→ m+ng −−−−−→ 1
([5, Corollary 1:4]). Since ˆ1(g; m+ n) has trivial center, the sequence
1→ ˆ1(g; m+ n)→ ˆ1(F0;m+1(Rng))→ ˆ1(F0;m(Rng))→ 1 (1.3.3)
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obtained by taking the pro9nite completion of (1.1.1) is exact [1, Proposition 3]. There-
fore, we have the following commutative diagram:
1 −−−−−→ ˆ1(g; m+ n) −−−−−→ ˆ1(F0;m+1(Rng)) −−−−−→ ˆ1(F0;m(Rng)) −−−−−→ 1ˆm+1(g;n)
ˆm(g;n)
Gm+n+1g
pˆ−−−−−→ Gm+ng :
Here, pˆ is de9ned similarly to p. Thus, the injectivity of ˆm+1(g; n) follows from that
of ˆ1(g; m+ n) and ˆm(g; n).
Remark. Fix a prime number l. Then m(g; n) also induces naturally a homomorphism
(l)m (g; n) : 
pro−l
1 (F0;m(R
n
g))→ Gm+ng (l):
Here, pro−l1 (F0;m(R
n
g)) denotes the pro-l completion of 1(F0;m(R
n
g)) and G
m+n
g (l) is
de9ned similarly as Gm+ng , ˆ1(g; n) being replaced by the pro-l completion of 1(g; n).
Then we can show that (l)m (g; n) is faithful. The proof can be done completely in the
same way. The faithfulness of (l)2 (g; n) has been also proved in [3, 4-4] by a diMerent
method.
2. Monodromy representations associated with the universal family of algebraic
curves
2.1. Let Mg;n=Q be the moduli stack of n-pointed complete curves of genus g with
2− 2g− n¡ 0. Then, the forgetful map Mg;n+1 → Mg;n induces an exact sequence of
algebraic fundamental groups
1→ 1(C)→ 1(Mg;n+1)→ 1(Mg;n)→ 1: (2.1.1)
Here, C denotes the 9ber above a geometric point  of Mg;n. Then 1(Mg;n+1) acts
on the normal subgroup 1(C) by conjugation and this induces a homomorphism
’g;n : 1(Mg;n)→ Out(1(C)):
The homomorphism ’g;n is called the monodromy representation associated with the
universal family of n-pointed algebraic curves of genus g [16]. The restriction of ’g;n
to the subgroup 1(Mg;n ⊗ 8Q) will be denoted by g;n:
g;n : 1(Mg;n ⊗ 8Q)→ Out(1(C)):
We shall consider the faithfulness of the representation g;n. Let ng be the mapping
class group of an n-punctured Riemann surface of genus g. Then we have an exact
sequence
1→ ˆ1(g; n)→ ˆn+1g → ˆ
n
g → 1; (2.1.2)
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which is obtained from (1.3.2) by taking the pro9nite completion. Now there exists a
canonical isomorphism
ˆ
n
g 
 1(Mg;n ⊗ 8Q)
inducing an injective homomorphism from (2.1.2) to (2.1.1) [17]. Under this isomor-
phism, the representation g;n is identi9ed with the homomorphism
ˆ
n
g → Out(ˆ1(g; n))
induced from (2.1.2). Then the problem of the faithfulness of g;n is interpreted purely
group theoretically as follows.
Let K be a characteristic subgroup of 1(g; n) with 9nite index. Then ng acts (out-
erly) on 1(g; n)=K and we denote its kernel by ng [K], which is a subgroup of 
n
g with
9nite index. We see easily that g;n is injective if and only if the following property
holds in ng :
For any subgroup  of 9nite index in ng ,  contains some 
n
g [K].
The subgroups ng [K] of 
n
g are an analogue of principal congruence subgroups of
Z-valued points of linear algebraic groups over Z. Thus, our problem is regarded as
the congruence subgroup problem for ng .
2.2. As the 9rst application of Theorem 1, we have
Theorem 2. If g;n is faithful; then so is g;n+1.
Proof. Let Gng be the subgroup of Out(ˆ1(g; n)) de9ned in (1.2). The image of g;n
lies in Gng and we have a commutative diagram:
ˆ
n+1
g −−−−−→ ˆ
n
g
g;n+1

 g;n
Gn+1g
pˆ−−−−−→ Gng
The composite
ˆ1(g; n)→ ˆn+1g → Gn+1g
is nothing but the homomorphism ˆ1(g; n), which is injective by Theorem 1. From this
and the exactness of (2.1.2), the theorem follows.
2.3. We shall next prove the following
Theorem 3A. The representation 0;4 is faithful.
Proof. Let us consider the exact sequence (1.3.3) in the case that (g; n) = (0; 3) and
m = 1. Let R30 be the projective line over C with three points {0; 1;∞} removed;
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R30 = P
1
C\{0; 1;∞}. Then we have F0;2(R30) = (P1C\{0; 1;∞})2\ and the 9bration
(P1C\{0; 1;∞})2\ → P1C\{0; 1;∞};
where  denotes the diagonal. The 9ber above 0 ∈ P1C\{0; 1;∞} is P1C\{0; 1;∞; 0}.
In this case the exact sequence (1.3.3) is
1→ ˆ1(P1C\{0; 1;∞; 0})→ ˆ1(F0;2(R30))→ ˆ1(P1C\{0; 1;∞})→ 1: (2.3.1)
On the other hand, since we have
M0;4 
P1Q\{0; 1;∞};
M0;5 
 (P1Q\{0; 1;∞})2\;
there exists a canonical injective homomorphism from (2.3.1) to (2.1.1) in the case
that (g; n) = (0; 3). Therefore, the representation 0;4 can be identi9ed with
ˆ1(0; 3) : ˆ1(P
1
C\{0; 1;∞})→ Out(ˆ1(P1C\{0; 1;∞; 0})):
Thus, by Theorem 1, 0;4 is faithful.
2.4. The sequence (2.3.1) and the representation ˆ1(0; 3) can be explained in terms of
Galois theory as follows.
Let k= 8Q() be the rational function 9eld of one variable  over 8Q. Let P1u=k be the
projective u-line over k and Mu be the maximal Galois extension of 8k(u), the function
9eld of P1u= 8k, unrami9ed outside u = 0; 1;∞; . Then Mu is also Galois over k(u) so
that we have an exact sequence
1→ Gal(Mu= 8k(u))→ Gal(Mu=k(u))→ Gal( 8k=k)→ 1: (2.4.1)
The conjugate action of the group Gal(Mu=k(u)) on the normal subgroup Gal(Mu= 8k(u))
induces a representation
0 : Gal( 8k=k)→ Out(Gal(Mu= 8k(u))):
Since (P1u=k)\{0; 1;∞; } has good reduction outside  = 0; 1;∞, by [19, XIII] (espe-
cially Corollary 2:8 and the proof of Corollary 2:12), this representation is unrami9ed
outside =0; 1;∞, i.e., this factors through Gal(=k) (cf. [15] in the proper case). Here
 denotes, as before, the maximal Galois extension of k unrami9ed outside =0; 1;∞.
Thus there exists a Galois extension M of (u) satisfying Mu=M 8k(u); M∩ 8k(u)=
(u) so that we have an exact sequence
1→ Gal(M=(u))→ Gal(M=k(u))→ Gal(=k)→ 1
(cf. [2, Section 3:2]). Then this is canonically isomorphic to the exact sequence (2.3.1)
(cf. e.g., [11, 4]). Therefore ˆ1(0; 3), hence 0;4, can be identi9ed with the representa-
tion
Gal(=k)→ Out(Gal(Mu= 8k(u)))
induced from 0. Thus, Theorem 3A can be formulated in the following form:
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Theorem 3A′. The 3eld corresponding to the kernel of the representation 0 coincides
with .
Remark. Let l be a prime number. If we replace Mu by the maximal pro-l extension
M
(l)
u of 8k(u) unrami9ed outside u= 0; 1;∞; , we obtain a homomorphism
(l)0 : Gal( 8k=k)→ Out(Gal(M(l)u = 8k(u))):
By the remark at the end of Section 1, the 9eld corresponding to the kernel of (l)0
is the maximal pro-l extension of k unrami9ed outside  = 0; 1;∞. This fact is 9rst
proved by Anderson–Ihara by a diMerent method (cf. [2]).
3. Monodromy representations associated with a family of one punctured genus 1
curves
3.1. Let
S : s2 = t(t − 1)(t − );  = 0; 1
be an aRne algebraic surface over Q and SC denote the associated complex analytic
surface. The projection to the  coordinate gives a 9bration
SC → P1C\{0; 1;∞}:
The 9ber above 0(∈ P1C\{0; 1;∞}) is a one punctured Riemann surface of genus 1,
i.e., it is the elliptic curve (over C)
EC : s2 = t(t − 1)(t − 0)
with the point at in9nity O removed. Since 2(P1C\{0; 1;∞}) = {1}, the homotopy
exact sequence of the 9bration gives an exact sequence of topological fundamental
groups:
1→ 1(EC\{O})→ 1(SC)→ 1(P1C\{0; 1;∞})→ 1:
Since ˆ1(EC\{O})(
 ˆ1(1; 1)) has trivial center, this induces an exact sequence
1→ ˆ1(EC\{O})→ ˆ1(SC)→ ˆ1(P1C\{0; 1;∞})→ 1
([1, Proposition 3]). From these sequences we obtain the topological monodromy rep-
resentation
topE : 1(P
1
C\{0; 1;∞})→ Out(1(EC\{O}))
and the pro9nite one
ˆ1(P1C\{0; 1;∞})→ Out(ˆ1(EC\{O})): (3.1.1)
3.2. As in the case of con9guration spaces, the representation (3.1.1) can be explained
in terms of Galois theory as follows.
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As before, put k= 8Q(). Let E be the elliptic curve over k de9ned by the Legendre
equation:
E : s2 = t(t − 1)(t − ):
Let k(E) (resp. 8k(E)) be the function 9eld of E over k (resp. over 8k) and ME be
the maximal Galois extension of 8k(E) unrami9ed outside O, the unique k-rational
point lying over t =∞. Similarly to the case of the extension Mu over k(u) in (2.4),
the Galois group Gal( 8k=k) acts on the group Gal(ME= 8k(E)) outerly and we have a
representation
E : Gal( 8k=k)→ Out(Gal(ME= 8k(E))):
Since the curve E has good reduction outside =0; 1;∞, this representation factors
through Gal(=k) (cf. (2:4)) and induces a representation
8E : Gal(=k)→ Out(Gal(ME= 8k(E))):
This can be identi9ed with the representation (3.1.1).
Our main result in this paper is the following:
Theorem 4A. The 3eld corresponding to the kernel of the representation E coincides
with .
The proof will be given in Section 6.
4. Liftings of representations associated with tangential base points
4.1. In this section, we shall give liftings of the outer representations 0 in (2:4) and E
in (3:2) to genuine representations. This will be done by using Deligne’s tangential base
points, which is realized as embedding the 9eld in question into the 9eld of Puiseux
series (cf. [2,9,10]). Here, our strategy is taken from [10] (cf. also the Appendix to
that paper).
Let  be a transcendental real number with ¿ 1. Let 8Q be the algebraic closure
of Q in C and put k = 8Q()(⊂C).
We 9rst give a lifting of the representation 0. Let P1u be the projective u-line
over C and Uu be any connected simply connected open set of P1u\{0; 1;∞; } con-
taining an open interval (0; 0) with 0¡0¡ 1. The topological fundamental group of
P1u\{0; 1;∞; } with base point Uu is denoted by 1(P1u\{0; 1;∞; };
→
01). This group
is generated by x0; x1; x and x∞ with a single relation x0x1xx∞=1. Here, xi is (the
class of) positive simple loops around u = i (i = 0; 1; ;∞) beginning and ending in
Uu.
Let 8k{{u}} be the 9eld of Puiseux series with coeRcients in 8k and Mu be the
maximal Galois extension of 8k(u) in 8k{{u}} which is unrami9ed outside u=0; 1;∞; .
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Each element h ∈Mu can be written as
h=
∑
i≥−n
aiui=N (ai ∈ 8k)
and this de9nes a meromorphic function hC on Uu uniquely if we choose u1=N positive
real in (0,1). For each element 2 ∈ 1(P1u\{0; 1;∞; };
→
01), let 2˜ be a path representing
2 and denote by 2˜ · hC the meromorphic function on Uu obtained from hC by analytic
continuation along 2˜. Then 2˜ · hC does not depend on the choice of 2˜ and there exists
uniquely an element of Mu which coincides, as a function on Uu, with 2˜ ·hC. Thus this
de9nes an action of 1(P1u\{0; 1;∞; };
→
01) on Mu, which induces an isomorphism
ˆ1(P1u\{0; 1;∞; };
→
01) 
 Gal(Mu= 8k(u)): (4.1.1)
Now the Galois group Gal( 8k=k) acts on 8k{{u}} via its coeRcients. By the maximality
ofMu,Mu is invariant under this action. This Galois action gives a splitting of the short
exact sequence (2.4.1). Thus Gal( 8k=k) acts by conjugation on the group Gal(Mu= 8k(u)),
hence on ˆ1(P1u\{0; 1;∞; };
→
01) via (4.1.1) so that we have a representation
∗0 : Gal( 8k=k)→ Aut(ˆ1(P1u\{0; 1;∞; };
→
01)):
This is a lifting of the representation 0, i.e., the composite of ∗0 with the canonical
homomorphism
Aut(ˆ1(P1u\{0; 1;∞; };
→
01))→ Out(ˆ1(P1u\{0; 1;∞; };
→
01))
coincides with 0.
Let us denote ˆ1(P1u\{0; 1;∞; };
→
01)) simply by ˆ1 for a moment. Let G∗ be the
following subgroup of Aut(ˆ1):
G∗ = {# ∈ Aut(ˆ1) |#(x0) = x0; #(x1) = f−1x1f
(f ∈ [ˆ1; ˆ1]〈x〉); #(xi) ∼ xi (i = ;∞)}:
Then we have the following:
Proposition 1. The image of ∗0 is contained in G
∗.
This can be proved in the same way as in the case of the Gal( 8Q=Q)-action on
ˆ1(P1C\{0; 1;∞};
→
01)) (cf. [10, Propositions 1:5 and 1:6]).
Lemma 2. G∗ ∩ Int(ˆ1) = {1}.
Proof. Let # be an inner automorphism of ˆ1 and assume that # ∈ G∗. As #(x0)= x0,
by (1.3.1), # is the conjugation by xa0 with some a ∈ Zˆ. Then, again by (1.3.1), we
have fxa0 = x
b
1 with some b ∈ Zˆ. Reducing this modulo [ˆ1; ˆ1], we see that a= b=0,
because the abelianization of ˆ1 is a free Zˆ-module on the class of x0; x1 and x. Thus,
# = 1.
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Therefore, Theorem 3A′ can be formulated in the following form:
Theorem 3B. The 3eld corresponding to the kernel of the representation ∗0 coincides
with .
4.2. We shall next give a lifting of the representation E in (3:2). Let P1t be the projec-
tive t-line over C and Ut be any connected simply connected open set of P1t \{0; 1;∞; }
containing an open interval (a;∞) with a¿.
Let E be the elliptic curve de9ned in (3:2), EC be the associated compact Riemann
surface of genus 1 and
’ : EC → P1t
(s; t) → t
be the covering map of degree 2. The element v= s=t2 gives a local parameter at the
point O. Let UE be a connected simply connected open set of EC homeomorphic to
Ut via ’ such that v is positive on UE ∩ ’−1((a;∞)). The topological fundamental
group of EC\{O} with base point UE is denoted by 1(EC\{O};UE). This group is
generated by xE; yE and zE with a single relation [xE; yE]zE = 1. Here, zE is the class
of simple loops around O.
Let 8k{{v}} be the 9eld of Puiseux series of v with coeRcients in 8k and regard
8k(E)(= 8k(s; t)), the function 9eld of E over 8k, as a sub9eld of 8k{{v}}. Let ME be
the maximal Galois extension of 8k(E) in 8k{{v}} which is unrami9ed outside O. Each
element h ∈ME can be written as
h=
∑
i≥−n
aivi=N (ai ∈ 8k)
and this de9nes a meromorphic function on UE uniquely if we choose v1=N positive
real in UE ∩ ’−1((a;∞)). Similarly to the case of P1u\{0; 1;∞; }, each element 2 ∈
1(EC\{O};UE) acts on the 9eld ME by analytic continuation and this induces an
isomorphism
ˆ1(EC\{O};UE) 
 Gal(ME= 8k(E)): (4.2.1)
The Galois group Gal( 8k=k) acts, via its coeRcients, on 8k{{v}}, hence on ME , and
this gives a splitting of the short exact sequence
1→ Gal(ME= 8k(E))→ Gal(ME=k(E))→ Gal( 8k=k)→ 1:
Thus Gal( 8k=k) acts by conjugation on the group Gal(ME= 8k(E)), hence on
ˆ1(EC\{O};UE) via (4.2.1) so that we have a representation
∗E : Gal( 8k=k)→ Aut(ˆ1(EC\{O};UE)):
This is a lifting of the representation E . Similarly to the case of P1u\{0; 1;∞; }, we
have the following:
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Proposition 2. The image of ∗E is contained in the subgroup
G∗1 = {# ∈ Aut(ˆ1(EC\{O};UE)) |#(zE) = zE}:
Lemma 3. The intersection G∗1 ∩ Int(ˆ1(EC\{O};UE)) is the closed subgroup gener-
ated by Int(zE); the conjugation by zE .
Proof. This follows from Lemma 1 in (1:3), because ˆ1(EC\{O};UE) is isomorphic
to ˆ1(1; 1).
For the kernel of ∗E , we have the following:
Theorem 4B. The 3eld corresponding to the kernel of the representation ∗E coincides
with .
Since G∗1∩Int(ˆ1(EC\{O};UE)) is not the identity group, Theorem 4B is not a direct
consequence of Theorem 4A. In Section 6, we shall 9rst prove Theorem 4B by using
Theorem 3B and then prove Theorem 4A.
5. The Galois representation t and its subrepresentations
5.1. In this section we shall construct a representation t and de9ne two subrepresen-
tations.
As in Section 4, let  be a transcendental real number with ¿ 1; 8Q be the algebraic
closure of Q in C and put k = 8Q()(⊂C).
As in (4:2), let P1t be the projective t-line over C and Ut be any connected simply
connected open set of P1t \{0; 1;∞; } containing an open interval (a;∞) with a¿.
The topological fundamental group with base point Ut is denoted by 1(P1t \{0; 1;∞; };−→
∞). This is a free group of rank 3 on z0; z1 and z, where zi is the class of
positive simple loops around t = i (i = 0; 1; ). Let N be the normal subgroup of
1(P1t \{0; 1;∞; };
−→
∞) generated by z20 ; z21 and z2 and put
∗1 (P
1
t \{0; 1;∞; };
−→
∞) = 1(P1t \{0; 1;∞; };
−→
∞)=N:
Let 8k{{1=t}} be the 9eld of Puiseux series of 1=t with coeRcients in 8k. Let Mt be the
maximal Galois extension of 8k(t) in 8k{{1=t}} satisfying the following conditions:
(i) it is unrami9ed outside t = 0; 1;∞; ,
(ii) the rami9cation indices at t = 0; 1;  divide 2.
Each element h ∈Mt can be written as
h=
∑
i≥−n
ait−i=N (ai ∈ 8k)
and this de9nes a meromorphic function on Ut uniquely if we choose t−1=N positive real
in (a;∞). Similarly to the case of P1u\{0; 1;∞; }, each element 2 ∈ ∗1 (P1t \{0; 1;∞; };−→
∞) acts on Mt by analytic continuation and this induces an isomorphism
ˆ∗1 (P
1
t \{0; 1;∞; };
−→
∞) 
 Gal(Mt = 8k(t)): (5.1.1)
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The Galois group Gal( 8k=k) acts, via its coeRcients, on 8k{{1=t}}, hence on Mt , and
this gives a splitting of the short exact sequence
1→ Gal(Mt = 8k(t))→ Gal(Mt =k(t))→ Gal( 8k=k)→ 1:
Thus Gal( 8k=k) acts by conjugation on the group Gal(Mt = 8k(t)), hence on ˆ
∗
1 (P
1
t \
{0; 1;∞; };
−→
∞) via (5.1.1) so that we have a representation
t : Gal( 8k=k)→ Aut(ˆ∗1 (P1t \{0; 1;∞; };
−→
∞)):
5.2. Let L be the subextension of Mt = 8k(t) de9ned by L= 8k(s; t) with
s2 = t(t − 1)(t − ):
The 9eld L is characterized as the unique subextension of Mt = 8k(t) satisfying
(i) [L : 8k(t)] = 2,
(ii) the rami9cation indices in L= 8k(t) at t = 0; 1; ;∞ are all 2.
Let O be the unique prime of L lying over t =∞. By the maximality of Mt and
the condition (ii), we have the following:
Lemma 4. The 3eld Mt is a maximal Galois extension of L unrami3ed outside O.
Let L1 be an unrami9ed abelian extension of L such that Gal(L1=L) 
 (Z=2Z)⊕2.
As the genus of L is 1, such an extension is unique and its genus is also 1. Explicitly,
L1 is given as
L1 = 8k(
√
t;
√
t − 1;
√
t − )
and we have
8k(t)⊂L⊂L1⊂Mt :
We put
K= 8k(
√
t−1(t − 1);
√
t−1(t − )):
The genus of K is 0 and we have
8k(t)⊂K⊂L1⊂Mt ; L1 =KL; K ∩L= 8k(t):
Lemma 5. There exists an element u of K such that K= 8k(u) and the four points
lying over t =∞ are u= 0; 1;∞ and .
Proof. Put f1 =
√
t−1(t − 1); f2 =
√
t−1(t − ). Then, both f1 and f2 have simple
poles at the two points lying over t = 0. Since (f2 −
√
f1)(f2 +
√
f1) = 1− , the
element u0 =f2 −
√
f1 has a simple pole exactly at one point lying over t =0. Then
we have K= 8k(u0). The four points lying over t=∞ are u0=1+
√
; 1−√;−1+√
and −1−√. Put
u=
u0 − (
√
− 1)
u0 + (
√
− 1)
√
: (5.2.1)
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Then the four points lying over t =∞ are u= 0; 1;∞ and .
Remark. By easy calculations, we 9nd that the elements u and t are related by
1
t
=
4u(u− 1)(u− )
(u2 − )2 : (5.2.2)
Corollary. The 3eld Mt is a maximal Galois extension of K unrami3ed outside
u= 0; 1;∞ and .
As the above proof shows, L (resp. K) is de9ned over k (resp. k1=k(
√
)) (in the
obvious sense). Therefore, the subgroup Gal(Mt =L) (resp. Gal(Mt =K))
of Gal(Mt = 8k(t)) are invariant under the action of Gal( 8k=k) (resp. Gal( 8k=k1)). Thus
we have Galois representations
L : Gal( 8k=k)→ Aut(Gal(Mt =L));
K : Gal( 8k=k1)→ Aut(Gal(Mt =K)):
These are also liftings of E and 0, respectively.
6. Comparison of kernels
6.1. We shall 9rst study the compatibilities of the actions of the Galois group Gal( 8k=k)
on the 9elds ME and Mt .
As in (4:2), let ’ :EC → P1t be the covering map of degree 2. Recall that the 9eld
ME (resp. Mt) is a sub9eld of 8k{{v}} (resp. 8k{{1=t}}). Here,
v=
s
t2
; (6.1.1)
with s2 = t(t − 1)(t − ). Recall also that each element of ME (resp. Mt) de9nes a
meromorphic function on UE (resp. Ut). As ’ gives a homeomorphism from UE to Ut ,
it induces an isomorphism from Mt to ME . We denote its inverse by
’∗ :ME 
Mt : (6.1.2)
Lemma 6. The actions of Gal( 8k=k) on ME and Mt are compatible; i.e.;
’∗(#(f)) = #(’∗(f))
holds for # ∈ Gal( 8k=k) and f ∈ME .
Proof. By (6.1.1), it follows that v= t−1=2v1(t−1), where v1(t−1) is a power series of
t−1 with constant term 1 and its coeRcients belong to k. Thus, under the isomorphism
(6.1.2), an element f(v) ∈ME corresponds to f(t−1=2v1(t−1)) ∈Mt .
Put
f(v) =
∑
i≥−n
aivi=N
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and let # be an element of Gal( 8k=k). Then, by de9nition, we have #(f)=
∑
i #(ai)v
i=N
so that
’∗(#(f)) =
∑
i
#(ai)t−i=2N v(i)(t−1):
Here, v(i)(t−1) (i=1; 2; : : :) are power series of t−1 with coeRcients in k. On the other
hand, we have
’∗(f) =
∑
i
ait−i=2N v(i)(t−1);
Therefore, we have ’∗(#(f)) = #(’∗(f)).
6.2. We shall next study the compatibilities of the actions of the Galois group Gal( 8k=k)
on the 9elds Mu and Mt .
Let P1u (resp. P
1
t ) be the projective u-line (resp. t-line) over C and  : P
1
u → P1t be
the covering map de9ned by (5.2.2). Let us take the open sets Uu⊂P1u and Ut ⊂P1t
in Section 4 such that  induces a homeomorphism between them. Recall that the
9eld Mu is a sub9eld of 8k{{u}} and that each element of Mu de9nes a meromorphic
function on Uu. Then,  induces an isomorphism
 ∗ :Mu 
Mt : (6.2.1)
Let k˜ denote the 9eld generated over k (= 8Q()) by all 1=N (N ≥ 1); k˜ = k(1=N |
N ≥ 1). Then, k˜ is a Galois extension of k with Galois group isomorphic to Zˆ .
Lemma 7. The actions of Gal( 8k=k˜) on Mu and Mt are compatible; i.e.;
 ∗(#(f)) = #( ∗(f))
holds for # ∈ Gal( 8k=k˜) and f ∈Mu.
Proof. First, we expand u into the power series of t−1. Expanding u0 in the proof of
Lemma 5 into the power series of t−1, we have
u0 =
(
1− 
t
)1=2
−
√

(
1− 1
t
)1=2
=
√
− 1 + 1
2
(
√
− 1)t−1 + : : : :
Substituting this to (5.2.1), we obtain that u=(=4)t−1u1(t−1). Here, u1(t−1) is a power
series of t−1 with constant term 1 and its coeRcients belong to k(
√
). Thus, under
the isomorphism (6.2.1), an element f(u) ∈Mu corresponds to f((=4)t−1u1(t−1)).
Put
f(u) =
∑
i≥−n
aiui=N
and let # be an element of Gal( 8k=k˜). Then, by de9nition, we have #(f)=
∑
i #(ai)u
i=N
so that
 ∗(#(f)) =
∑
i
#(ai)t−i=N u(i)(t−1):
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Here, u(i)(t−1) (i=1; 2; : : :) are power series of t−1 with coe:cients in k˜. On the other
hand, we have
 ∗(f) =
∑
i
ait−i=N u(i)(t−1):
Therefore, if # ∈ Gal( 8k=k˜), we have  ∗(#(f)) = #( ∗(f)).
6.3. Now we shall compare the kernel Ker ∗E of the representation 
∗
E with Ker L.
The covering map ’ induces an injective homomorphism
ˆ1(EC\{O};UE) ,→ ˆ∗1 (P1t \{0; 1;∞; };
−→
∞):
Under the isomorphism (5:1:1), the image is Gal(Mt =L). We denote the image of
x ∈ ˆ1(EC\{O};UE) under this homomorphism by x∗.
Proposition 3. Ker ∗E =Ker L.
Proof. For # ∈ Gal( 8k=k), denote by #E (resp. #t) the automorphism of ME (resp. Mt)
induced by #. Then, by de9nition, # belongs to Ker ∗E if and only if #Ex= x#E holds
for any x ∈ ˆ1(EC\{O};UE). This is equivalent to that (#Ex)f=(x#E)f holds for any
f ∈ME . Then, we have
’∗((#Ex)f) = ’∗((x#E)f):
By Lemma 6, this is equivalent to
#t(’∗(x(f))) = ’∗((x#E)f):
But it is easy to see that ’∗(x(f)) = x∗(’∗(f)). Thus, again by Lemma 6, it is
equivalent to
(#tx∗)(’∗(f)) = (x∗#t)(’∗(f));
which means #tx∗ = x∗#t . This shows that # belongs to Ker L.
6.4. We shall next compare the kernel of the representation L with that of K.
Recall that L is a representation of Gal( 8k=k), whereas K is a representation of
Gal( 8k=k1) (k1 = k(
√
)). Let us denote the restriction of L to the subgroup Gal( 8k=k1)
by ′L. Then we have the following:
Proposition 4. Ker ′L =Ker K.
For the proof, we need a lemma on free pro9nite groups.
Lemma 8. Let Fˆr denote the free pro3nite group on x1; : : : ; xr (r ≥ 2). Let N be a
normal subgroup of Fˆr with 3nite index and # be an automorphism of Fˆr . If # 3xes
every element of N; then # is the identity.
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Proof. Let m be the index of N and x be any element of Fˆr . Since xmi ∈ N (1 ≤ i ≤ r),
we have xxmi x
−1 ∈ N . Then, by the assumption on #,
#(x)xmi #(x)
−1 = xxmi x
−1:
Thus x−1#(x) ∈ CFˆr (xmi ) (1 ≤ i ≤ r). Since r ≥ 2, by (1:3:1), we get x−1#(x) = 1, i.e.
# is the identity.
Proof of Proposition 4. Recall that the 9eld L1 is the maximal elementary 2-abelian
subextension of Mt =L so that the subgroup Gal(Mt =L1) of Gal(Mt = 8k(t)) is invariant
by the action of Gal( 8k=k). Therefore, we have a representation
Gal( 8k=k1)→ Aut(Gal(Mt =L1)):
By Lemma 8, both the kernel of ′L and that of K coincide with that of this repre-
sentation. Thus the proposition is proved.
6.5. We shall next determine the kernel of the representation K.
First, the following lemma can be proved completely in the same way as the proof
of Proposition 3, by using the compatibility of the actions of Gal( 8k=k˜) (Lemma 7).
Lemma 9. The kernel of the restriction of K to Gal( 8k=k˜) coincides with that of the
restriction of ∗0 to Gal( 8k=k˜).
Recall that  is the maximal Galois extension of k unrami9ed outside  = 0; 1;∞.
For the kernel of K we have the following:
Proposition 5. The 3eld corresponding to the kernel of K coincides with .
Proof. We 9rst note that the Galois group Gal(=k) is generated by #0; #1, and #∞
with a single relation #0#1#∞=1. Here, #i is a generator of the inertia group of some
extension of the prime  = i (i = 0; 1;∞). Thus Gal(=k) is a free pro9nite group of
rank 2. Since k˜ is the maximal Galois extension of k unrami9ed outside =0;∞, the
subgroup Gal(=k˜) is normally generated by #1.
Let ′ be the 9eld corresponding to the kernel of K. Then, by Lemma 9, k˜′
coincides with the 9eld corresponding to the kernel of the restriction of ∗0 to the
subgroup Gal( 8k=k˜), which is  by Theorem 3B. Put N = Gal(=′). Then we have
Gal(=′∩ k˜)=N×〈〈#1〉〉 so that #1 commutes with N . By (1:3:1), it follows that N is
contained in 〈〈#1〉〉. This implies that N = {1}, i.e. =′ and the proof is completed.
6.6. Proof of Theorem 4B. Let ′′ be the 9eld corresponding to the kernel of ∗E . Then,
by Propositions 3–5, we have = k1′′. Since k1 is a 9nite extension of k, it follows
that Gal(=′′) is a 9nite subgroup of Gal(=k). As Gal(=k) is a free pro9nite group
of rank 2, it is torsion free (cf. e.g. [7, Theorem A]). Therefore, Gal(=′′)={1}, i.e.
 = ′′.
6.7. To prove Theorem 4A, we need the following:
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Lemma 10. Let Fˆr be a free pro3nite group of rank r ≥ 2 and N be an abelian
normal subgroup of Fˆr . Then N = {1}.
Proof (H: Nakamura). First, we have that N is generated by a single element; N =
〈u〉 (u ∈ Fˆr) (cf. e.g. Belyi [4, Lemma 1]). Assume that u = 1. Then there exists a
normal subgroup K of Fˆr with 9nite index such that u ∈ K . Consider the subgroup
H =K · 〈u〉 of Fˆr . It is of 9nite index in Fˆr , hence it is a free pro9nite group of 9nite
rank. Then K is a proper subgroup of H and the quotient group H=K is generated by
a single element, hence abelian. Therefore, K ⊃ [H;H ] and u ∈ [H;H ].
Let m be the index of H . Then xmi ∈ H (1 ≤ i ≤ r) and, as N is normal, we have
an equation
xmi ux
−m
i = u
7i
in H with 7i ∈ Zˆ. Reducing this equation modulo [H;H ], we have 7i = 1, because
H=[H;H ] is a free Zˆ module of 9nite rank. Thus u ∈ CFˆr (xmi ) (1 ≤ i ≤ r). Since r ≥ 2,
by (1:3:1); this is a contradiction. Therefore, we get u= 1, i.e. N = {1}.
Proof of Theorem 4A. By Theorem 4B, ∗E induces an injective homomorphism
8∗E : Gal(=k)→ Aut(ˆ1(1; 1)) (ˆ1(1; 1) = ˆ1(EC\{O};UE)):
Let us consider the composite of this with the canonical homomorphism Aut(ˆ1(1; 1))→
Out(ˆ1(1; 1)) :
Gal(=k) ,→ Aut(ˆ1(1; 1))→ Out(ˆ1(1; 1)) = Aut(ˆ1(1; 1))=Int(ˆ1(1; 1)):
We have to show that this is injective. Let N be the kernel of this homomorphism. By
Lemma 3, 8∗E(N ) is contained in the subgroup of Aut(ˆ1(1; 1)) generated by Int(zE).
In particular, it is abelian. Thus, N is an abelian normal subgroup of Gal(=k); which
is a free pro9nite group of rank 2. Therefore, by Lemma 10, we have N = {1} and
the proof is completed.
7. The case of the universal family of one pointed genus 1 curves
7.1. In this section, we shall prove the faithfulness of the representation 1;1.
We 9rst prove a lemma on the faithfulness of the representation g;n. Let  be a
subgroup of ng with 9nite index. Then the pro9nite completion ˆ of  can be naturally
regarded as a subgroup of ˆ
n
g ; ˆ⊂ ˆ
n
g . For a characteristic subgroup K of 1(g; n) with
9nite index, ng [K] is the subgroup of 
n
g de9ned in (2:1).
Lemma 11. Let  be a subgroup of ng which contains some 
n
g [K]. If g;n is injective
on ˆ; then g;n is injective.
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Proof. Let ′ be a subgroup of ng with 9nite index. It suRces to show that 
′ contains
some ng [K
′].
Since ′ ∩  is a subgroup of  with 9nite index, by the injectivity of g;n on ˆ,
′ ∩ ⊃ng [K1] ∩ 
holds for some K1. Thus, ′∩ contains ng [K1]∩ng [K]. As ng [K1]∩ng [K]⊃ng [K1∩
K], we have ′⊃ng [K1 ∩ K] and the proof is completed.
7.2. Recall that we have an exact sequence
1→ 1(1; 1)→ 21 → 11 → 1:
The group 21 acts on the normal subgroup 1(1; 1) by conjugation and this induces a
homomorphism
11 → Out(1(1; 1)): (7.2.1)
Let ab1 (1; 1) denote the abelianization of 1(1; 1), which is a free Z-module of rank
2. Then, by a classical result of Nielsen, the canonical homomorphism
Out(1(1; 1))→ Aut(ab1 (1; 1)) (7.2.2)
is an isomorphism (cf. e.g. [12, Section 3:5]). Composing this with (7.2.1), we have
a homomorphism
11 → Aut(ab1 (1; 1)) 
 GL2(Z):
It is known that this is injective and the image coincides with SL2(Z):
11 
 SL2(Z) (7.2.3)
(cf. e.g., [6, 3.7 and Section 5]).
On the other hand, we have a representation
topE :1(P
1
C\{0; 1;∞})→ Out(1(1; 1))
(cf. (3:1)). Composing this with (7.2.2), we have a homomorphism
1(P1C\{0; 1;∞})→ GL2(Z):
It is well known that this is injective and its image ∗ is a subgroup of SL2(Z) satis-
fying (4)⊂∗⊂(2); [(2) :∗] = 2. Here, (N ) denotes the principal congruence
subgroup of SL2(Z) with level N (cf. e.g., [8, Theorem 1]). Note that (4) = [K]
with K = 1(1; 1)4[1(1; 1); 1(1; 1)].
Theorem 5. The representation 1;1 is faithful.
Proof. Let S be the surface de9ned in (3:1). Then S is the moduli space of 2 punctured
genus 1 curve with level 2 structure. Thus, there exists an injective homomorphism
ˆ1(SC)→ 1(M1;2 ⊗ 8Q)
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satisfying the commutative diagram
1 −−−−−→ ˆ1(1; 1) −−−−−→ ˆ1(SC) −−−−−→ ˆ1(P1C\{0; 1;∞}) −−−−−→ 1∥∥∥∥∥∥
 (∗)

1 −−−−−→ ˆ1(1; 1) −−−−−→ 1(M1;2 ⊗ 8Q) −−−−−→ 1(M1;1 ⊗ 8Q) −−−−−→ 1;
the vertical homomorphisms being injective.
Under the isomorphism 1(M1;1 ⊗ 8Q) 
 ˆ11 , the image of ˆ1(P1C\{0; 1;∞}) by (∗)
is the pro9nite completion ˆ∗ of ∗. Therefore, the restriction of 1;1 to ˆ
∗ can be
identi9ed with the homomorphism
8E : Gal(=k)→ Out(Gal(ME= 8k(E)));
induced from E . Since this is injective by Theorem 4A, the faithfulness of 1;1 follows
by Lemma 11.
8. Remarks
8.1. As is stated in the introduction, the faithfulness of ’g;n is reduced to that of g;n
if n ≥ 1 [13, Remark 2:2]. In the case of ’0;4, its faithfulness also follows in our
context. We shall brieIy explain it.
We use the notations in (2:4). Let k0 = Q() be the rational function 9eld of one
variable  over Q so that Gal(k=k0) 
 Gal( 8Q=Q). The Galois group Gal( 8k=k0) also acts
(outerly) on Gal(Mu= 8k(u)) and this representation is unrami9ed outside  = 0; 1;∞.
Thus, this induces a representaion
Gal(=k0)→ Out(Gal(Mu= 8k(u)));
which can be identi9ed with the representation ’0;4.
Let us identify Gal(Mu= 8k(u)) with ˆ1(0; 4)(= ˆ1(P1u\{0; 1;∞; };
→
01) ((4:1)). Then,
the image of ’0;4 is contained in the subgroup G40 de9ned in (1:2). Since G
4
0 stabilizes
the normal subgroup 〈〈x〉〉, there is a homomorphism
pˆ: G40 → Out(ˆ1(0; 4)=〈〈x〉〉):
Let M0 be the maximal Galois extension of 8k(u) unrami9ed outside u=0; 1;∞. Then
the Galois group Gal(Mu=M0) is 〈〈x〉〉. It follows from a result of Belyi [4, Section
4] that the kernel of the representation
pˆ ◦ ’0;4 : Gal(=k0)→ Out(ˆ1(0; 4)=〈〈x〉〉)
coincides with Gal(=k). Let # ∈ Gal(=k0) satisfy ’0;4(#)= 1. Then, pˆ ◦’0;4(#)= 1.
Thus, # belongs to Gal(=k). By the faithfulness of 0;4, we have # = 1, i.e., ’0;4 is
faithful.
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8.2. Let l be a prime number. In the de9nition of the representation E , let us replace
ME by the maximal pro-l extension M
(l)
E of 8k(u) unrami9ed outside u = 0; 1;∞; .
Then we obtain a representation
(l)E : Gal( 8k=k)→ Out(Gal(M(l)E = 8k(u))):
It is known that the group Out(Gal(M(l)E = 8k(u))) contains a pro-l group as a subgroup
of 9nite index. Thus the 9eld corresponding to the kernel of (l)E is contained in 
and some pro-l extension of a 9nite extension of k. The author does not know the
characterization of this 9eld, which also seems to be a basic and interesting problem.
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